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Section A (24 marks)

A spherical raindrop falls through a stationary cloud. Water condenses on the raindrop and it gains
mass at a rate proportional to its surface area. At time ¢ the radius of the raindrop is r. Initially the
raindrop is at rest and r = r,,. The density of the water is p.

d
(i) Show that d% = k, where k is a constant. Hence find the mass of the raindrop in terms of

ry» P,k and z. (6]

(i) Assuming that air resistance is negligible, find the velocity of the raindrop in terms of 7, k
and 7. [6]

A rigid circular hoop of radius a is fixed in a vertical plane. At the highest point of the hoop there
is a small smooth pulley, P. A light inextensible string AB of length %a is passed over the pulley.

A particle of mass m is attached to the string at B. PB is vertical and angle APB = 6. A small
smooth ring of mass m is threaded onto the hoop and attached to the string at A. This situation is
shown in Fig. 2.

Fig. 2

(i) Show that PB = %a — 2acos 6 and hence show that the potential energy of the system
relative to Pis V = —mga(2cos> 6 — 2cos 6+ %). [4]

(ii) Hence find the positions of equilibrium and investigate their stability. [8]
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Section B (48 marks)

An aeroplane is taking off from a runway. It starts from rest. The resultant force in the direction of
motion has power, P watts, modelled by

P = 0.0004m(10000v + v3),

where mkg is the mass of the aeroplane and vms™ is the velocity at time ¢ seconds. The
displacement of the aeroplane from its starting point is x m.

To take off successfully the aeroplane must reach a speed of 80 ms~! before it has travelled 900 m.

(i) Formulate and solve a differential equation for v in terms of x. Hence show that the aeroplane
takes off successfully. [8]

(ii) Formulate a differential equation for v in terms of z. Solve the differential equation to show
that v = 100 tan (0.047). What feature of this result casts doubt on the validity of the model?
[7]

(iii) In fact the model is only valid for O < ¢ < 11, after which the power remains constant at the
value attained at + = 11. Will the aeroplane take off successfully? [9]

[Question 4 is printed overleaf.]
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A flagpole AB of length 2a is modelled as a thin rigid rod of variable mass per unit length given
by

M
p= @(561 - x),

where x is the distance from A and M is the mass of the flagpole.

(i) Show that the moment of inertia of the flagpole about an axis through A and perpendicular to the
flagpole is %Maz. Show also that the centre of mass of the flagpole is at a distance % a from A.

[8]

The flagpole is hinged to a wall at A and can rotate freely in a vertical plane. A light inextensible rope
of length 2+/2a is attached to the end B and the other end is attached to a point on the wall a
distance 2a vertically above A, as shown in Fig. 4. The flagpole is initially at rest when lying
vertically against the wall, and then is displaced slightly so that it falls to a horizontal position, at
which point the rope becomes taut and the flagpole comes to rest.

rope
wall
B
2a

— 2a

6

A

Fig. 4

(ii) Find an expression for the angular velocity of the flagpole when it has turned through an angle 6.

[4]

(iii) Show that the vertical component of the impulse in the rope when it becomes taut is 1—12 M\Tlag.
Hence write down the horizontal component. [5]

(iv) Find the horizontal and vertical components of the impulse that the hinge exerts on the

flagpole when the rope becomes taut. Hence find the angle that this impulse makes with the
horizontal. [7]
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